The swap test is a central primitive in quantum information, providing an efficient way of comparing two unknown quantum states. In this work, we generalise this test for the case where one has access to multiple copies of a reference state, but to only one copy of the tested state. We present a circuit implementing this test and propose a simple linear optical implementation using the Hadamard interferometer. We show that both the circuit and the interferometer can be used as programmable projective measurement devices, with a precision scaling with their size. This also leads to a natural interpretation of the notion of projective measurement in quantum mechanics.
I. INTRODUCTION
Quantum information features various non-classical properties, including for instance the non-cloning theorem [1, 2] . As a result, quantum information has to be handled differently than classical information. For example, the simple task of discriminating between two classical strings of n bits can be done by a straightforward comparison in at most n steps, while comparing two n qubits states is non trivial. Indeed, even assuming that the complete classical descriptions of such two quantum states were available, comparing these descriptions would take up to 2 n steps. Moreover, as soon as one of the states is unknown, any deterministic discrimination is hopeless due to the probabilistic nature of quantum information [3] .
The swap test, introduced in [4] , provides an efficient probabilistic tool to compare two unknown quantum states. It takes as input two quantum states |φ and |ψ that are not entangled and outputs 1 with probability | φ|ψ | 2 , where φ|ψ is the overlap between the states |φ and |ψ . When the measurement outcome is 0 (resp. 1), we conclude that the states were identical, up to a global phase (resp. different). A circuit implementing the swap test is represented in Fig. 1 , where the matrix
is a Hadamard matrix. The swap test is a natural tool when it comes to quantum state comparison, as it performs a projection onto the symmetric subspace of the input states Hilbert space [5] [6] [7] . It finds application in various quantum communication protocols [4, 8, 9] . The product test [10] [11] [12] entanglement detection. Moreover, the swap test allows estimating the overlap of two states [13] . Hence, given two vectors of classical data encoded into two quantum states, the distance between these vectors can be estimated using the swap test, which is useful in particular for quantum machine learning [14] . From a practical point of view, it has been shown that linear optics can be used to implement the swap test, using the Hong-Ou-Mandel effect [15] . The linear optics platform is particularly attractive in quantum information. Indeed, it is possible to implement a universal quantum computer solely with linear optical tools [16] . Furthermore, the Boson Sampling model -a linear optical model for non-universal quantum computing -is an outstanding candidate for demonstrating the power of quantum computers in the near-term [17] , and a recent proposal for demonstrating quantum superiority also relies on linear optics [18] . In the optical implementation proposed in [15] , two single photons in different spatial modes are sent at the same time through a beamsplitter. Measuring the intensity of the output modes gives statistics that can be post-processed in order to reproduce the statistics of a swap test, where the states to be compared are the states of the single photons. Two indistinguishable photons will always pass the test, while two photons whose states have an overlap x < 1 will pass the test with probability comes from the fact that for many applications it is necessary to use multiple copies of both input states. Indeed, the swap test satisfies the one-sided error requirement, i.e. if the input states are identical, the test will always declare them as identical. On the other hand, if the input states are different, the test can obtain a wrong conclusion and declare the states identical. The probability that this happens is strictly less than 1, hence by repeating the test various times, the probability that the sequence of tests never answers 0 can be brought down arbitrarily close to 0, exponentially fast. However, the swap test is destructive, in the sense that the tested states cannot be reused for a new test because they become maximally entangled during the test [15] . This means that in order to boost the correctness of the test when the input states are different, multiple copies of both states must be available.
In this work, we study a generalised swap test that we call swap test of order M , where one has access to M − 1 copies of a reference state, but to only a single copy of the other tested state. In Sec. II we describe a circuit implementing the swap test of order M when M is a power of 2, and we show the optimality of this test under the one-sided error requirement. In Sec. III, we further show that the corresponding circuit can be used as a programmable projective measurement device, with a precision scaling with the inverse of its size. Generalising the equivalence between the swap test and the HongOu-Mandel effect [15] , we study in Sec. IV the Hadamard interferometer, and show that its output statistics can be efficiently post-processed to reproduce those of the swap test of order M , thus providing an easily implementable programmable projective measurement device, with the aforementioned precision. For completeness, we introduce in Sec. V a general family of interferometers which reproduce the appropriate statistics when M is not necessarily a power of 2. We conclude with an interpretation of our results and discuss various applications in Sec. VI.
II. SWAP CIRCUIT OF ORDER M
Let M ≥ 2. We introduce the following generalisation of the swap test: Definition 1. The swap test of order M is a binary test that takes as input a state |φ and M − 1 copies of a state |ψ , and outputs 1 with probability
. If the outcome 1 (resp. 0) is obtained, the test concludes that the states |φ and |ψ were identical (resp. different).
Such a test clearly satisfies the one-sided error requirement, i.e. if |φ = |ψ then the test will always say so.
In the following, we restrict to the swap test of order M when M is a power of 2, writing n = log M . We introduce the swap circuit of order M (Fig. 2) , that acts on M input qubits by applying n consecutive layers of products of swap gates controlled by n ancilla (2) . The ancilla qubits are measured in the computational basis at the end of the computation. The probability of obtaining 0 for all measurement outcomes is
qubits. These ancilla qubits are first initialised in the |+ state. Then, they are used as control qubits for the gates S 0 , . . . , S n−1 , which can be applied in any order, where for all k ∈ {0, . . . , n − 1}
with SWAP[i, j] being the unitary operation that swaps the i th and j th qubits for i, j ∈ {0, . . . , M − 1}. These controlled gates are applied to the input states |φ , |ψ , . . . , |ψ (one copy of a state |φ and M −1 copies of a state |ψ ). Finally, a Hadamard gate is applied to each ancilla, which is then measured in the computational basis. By a simple induction, we obtain that the probability of obtaining the outcome 0 for all ancilla qubits is the squared norm of the following state:
which only depends on the overlap between the states |φ and |ψ . More precisely,
The swap circuit of order M thus implements the swap test of order M . Indeed, if the outcome (0, . . . , 0) is obtained, the test outputs 1 and we conclude that the states were identical, while for any other outcome the test outputs 0 and we conclude that the states were different. Note that in the case where M = 2, the scheme reduces to the original swap test.
Because the M − 1 last input qubits are in the same state, swapping them acts as the identity. This can be used to simplify the swap circuit of order M by replacing the n layers of swap gates in Eq. (2) by the following n layers S 0 , . . . , S n−1 , which have to be applied in this order:
This reduces the total number of swap gates from
to M − 1 without changing the number of ancilla qubits. We now prove the optimality of the swap test of order M under the one-sided error requirement, i.e. we show that it achieves the lowest error probability for the identity testing of an input |φ , |ψ , . . . , |ψ . This identity testing is directly linked to the state comparison of |φ and |ψ . For this purpose, we first derive a more general result. In Ref. [19] , the authors consider the problem of testing the identity of M quantum states with the promise that all the states are pairwise identical or orthogonal. In particular, they show that the optimal value for the error probability of any identity test satisfying the one-sided error requirement is 1 M . We extend their result to the case where the states to be compared are no longer supposed pairwise identical or orthogonal: Theorem 1. Under the one-sided error requirement, any identity test of M unknown quantum states |ψ 0 , . . . , |ψ M −1 has an error probability at least
where S M is the symmetric group over {0, . . . , M − 1}.
Proof. An identity test satisfying the one-sided error requirement can only be wrong when declaring identical (outputting 1) states that were not identical. Hence, to prove Theorem 1, it suffices to lower bound the probability of outputting 1 for any identity test. This is done by showing that the optimal identity test consists in a projection onto the symmetric subspace of the input states Hilbert space. We detail the proof in the Appendix A.
Applying Theorem 1 with |ψ 0 . . . ψ M −1 = |φψ . . . ψ implies that the value
2 is a lower bound for the error probability of any identity test of M states |φ , |ψ , . . . , |ψ (one copy of a state |φ and M −1 copies of a state |ψ ). With Definition 1 we directly obtain the following result: Corollary 1. The swap test of order M has optimal error probability
2 under the one-sided error requirement.
The swap circuit of order M is thus optimal for quantum state comparison with an input |φ , |ψ , . . . , |ψ , under the one-sided error requirement, since it implements the swap test of order M . In the next section, we give an alternative interpretation of the swap circuit of order M in terms of a programmable projective measurement device.
III. PROGRAMMABLE PROJECTIVE MEASUREMENT
A projective measurement with respect to a state |ψ is a process that takes as input a state |φ and outputs 1 with probability | φ|ψ | 2 and 0 with probability 1 − | φ|ψ | 2 . We introduce the notion of precision of a projective measurement.
Definition 2. Given a quantum state |ψ and > 0, a projective measurement with precision is a process that takes as input a quantum state |φ and outputs 1 with probability P (1) and 0 with probability
Note that the two conditions in the previous definition are equivalent, since P (0) + P (1) = 1. It will thus suffice to consider e.g. the first condition. Proof. Since Pr(0, . . . , 0) =
we can consider all the circuit except |φ as a black box in Fig. 2 , and post-process the measurement outcomes D as follows: if D = (0, . . . , 0), output 1, and output 0 otherwise (Fig. 3) . The setup now takes a single state |φ in input and outputs 1 with probability P (1) =
2 , and 0 with probability P (0) = 1 − P (1). We have
M , hence this device performs a projective measurement with precision
Theorem 2 implies that given a large enough swap circuit and the ability to produce many copies of a state |ψ , one can projectively measure any state with respect to the state |ψ up to arbitrary precision. This precision scales as the inverse of the number of copies. The circuit can thus be used as a programmable projective measurement device, where the programmable resource is the reference state |ψ whose number of copies can be adjusted to control the precision of the measurement (Fig. 3) .
The implementation of the swap circuit of order M is however challenging, due to the presence of many controlled-swap gates. In order to lower the implementation requirements, we study in the next section the Hadamard interferometer and show that its statistics can be efficiently post-processed to reproduce those of a swap circuit of order M . This comes at the cost that the device no longer has a quantum output, which however does not matter for most applications. In particular we show that
Swap circuit of order M=2 n
Post-processing
The swap circuit of order M used as a programmable projective measurement device. It takes as input a state |φ and the internal measurement outcomes are post-processed such that the device outputs 1 with probability
| φ|ψ | 2 and 0 with probability
. The programmable resource is the state |ψ and the process uses M − 1 copies of this state as well as n = log M ancillas.
the Hadamard interferometer provides a simple linear optical platform for the programmable projective measurement that we have described.
IV. HADAMARD INTERFEROMETER
In what follows, we consider optical unitary interferometers of size M which take as input one single photon in a quantum state |φ and M − 1 indistinguishable single photons in a state |ψ , one in each spatial mode (the spatial modes of the interferometers will be indexed from 0 to M − 1). These states should be thought of as encoded in additional degrees of freedom of the photons (e.g. polarisation, time-bins, phase). The output modes are measured using photon number detection.
There exist complex amplitudes α and β and a state |ψ ⊥ with ψ|ψ ⊥ = 0 such that
where α = ψ|φ and |α| 2 + |β| 2 = 1. We have the following homomorphism property for single photon states:
where for any state |χ , |1 χ is the state of a single photon encoding the state |χ . It thus suffices to compute the output statistics separately when |φ = |ψ (indistinguishable case) and when |φ = |ψ ⊥ (distinguishable case) to obtain the output statistics in the general case by linearity. The probability of detecting the photon num-
where 
for any detection pattern D. Combining this inequality with Eq. (9) yields
This last expression is valid for any interferometer and can be used it to retrieve, in the context of linear optics, the error probability bound for state comparison under the one-sided error requirement obtained in Corollary 1. Indeed, assume that E is a detection event, which could be a disjoint union of detection events, used for an identity test: if E is obtained we conclude that the states were identical (or equivalently that the photons were indistinguishable), otherwise we assume that the states were different (or equivalently that the first photon was distinguishable from the others). The one-sided error requirement can thus be written as Pr i (E) = 1: indistinguishable photons always pass the test. For different input states |φ and |ψ , the error probability of the corresponding test is then given by Pr(E), which by Eq. (11) is lower bounded by
We now study a particular unitary interferometer, when the size M is a power of 2, namely the Hadamard interferometer [20, 21] and show that it provides a practical and simple implementation of the swap test of order M . For M = 4 spatial modes (Fig. 4 ), this interferometer is described by the Hadamard-Walsh transform of order 2:
where H is a Hadamard matrix, see Eq. (1). In the general case, the Hadamard interferometer of order M is described by the Hadamard-Walsh transform of order n = log M , which is defined by induction: with H 0 = 1 and H 1 = H. We can now state our main result linking the Hadamard interferometer and the swap test of order M . Proof. We give hereafter an overview of the proof and refer to the Appendix C for further details.
Due to the structure of the Hadamard-Walsh transform, we are able to show that there exists a collection of detection patterns which saturates the bound in Eq. (11) and to characterise this collection. We introduce the
thus omitting the normalisation factor. The matrix S only has +1 and −1 entries. We show that its lines, together with the element-wise multiplication, form a group isomorphic to (Z/2Z) n . We define for all measurement
and exploit the aforementioned group structure to obtain the following equivalences:
With the first two lines, the condition π(D) = 0 is directly equivalent to having a detection event D that can only be witnessed in the distinguishable case. In other words, the detection patterns D such that π(D) = 0 can only occur if φ|ψ = 0. On the other hand, with the third equivalence, the detection patterns D such that π(D) = 0 are those that saturate the bound obtained in Eq. (11) . The Hadamard interferometer can thus be used to compare the states |φ and |ψ : if the outcome D obtained satisfies π(D) = M , we conclude that the states were identical, otherwise π(D) = 0 and we conclude that the states were different. We show in particular that the interferometer described by the unitary matrix H n satisfies
and
for any detection pattern D. Hence the identity test using the Hadamard interferometer of order M is a swap test of order M . The measurement outcomes D have to be postprocessed by computing π(D). Using the group structure of the matrix S, we show that this can be done in time
Note that the group structure invoked in the proof is preserved under permutations, so Theorem 3 also applies to the unitary interferometers described by permutations of the Hadamard-Walsh transform.
The conclusion to be drawn from Theorem 3 is that as long as a state |ψ can be encoded using single photons, then one can perform a swap test of order M with respect to the state |ψ using the Hadamard interferometer of order M and an efficient classical post-processing of the measurement outcomes. Using the argument developed in the proof of Theorem 2, by considering the M − 1 identical photons and the interferometer as a black box whose outcomes are post-processed as described above, we also deduce the following result from Theorem 3:
Corollary 2. The Hadamard interferometer of order M can be used to perform a projective measurement with precision 1 M , using a classical post-processing of its measurement outcomes that takes time O(M log M ) (Fig. 5) .
Interestingly, the unitary interferometers described by the Hadamard-Walsh transform and its permutations are not the only unitary interferometers which can reproduce 
the statistics of a swap test with efficient post-processing, and indeed we present a generalisation in Sec. V. However, it is the simplicity of the Hadamard interferometer in terms of experimental implementation that motivates our interest towards this interferometer. In particular, this interferometer can be simply implemented with a few balanced beamsplitters. A result by Reck et al. [22] states that any M × M unitary interferometer can be implemented using phase shifters and at most
beamsplitters, possibly unbalanced. For the Hadamard interferometer, only
balanced beamsplitters are needed and no phase shifters. The proof of this statement is based on a simple induction detailed in Appendix D.
V. GROUP GENERALISATION FOR ANY VALUE OF M
The Hadamard interferometer requires the size parameter M to be a power of 2. This requirement can be relaxed, possibly raising the experimental requirements at the same time. Indeed, for any value of M , one can associate to any abelian group of order M an interferometer of size M which has the desired statistics. This is the object of the following result that uses the invariant factor decomposition of an abelian group: Theorem 4. Let G be an abelian group of order M . Then there exists N ∈ N * and a 1 , . . . , a N ∈ N * , where a i |a i+1 for i ∈ {1, . . . , N − 1} and a 1 . . . a N = M , such that the interferometer described by the M × M unitary matrix
where F a = (e 2iπ a kl ) 0≤k,l≤a−1 is the Quantum Fourier Transform (QFT) of order a for all a ∈ N * , can perform a 1 M -approximate projective measurement with a post-processing of its measurement outcomes that takes time at most M · N . The lines of F G = √ M U G together with the element-wise multiplication form a group isomorphic to G.
Proof. We use the notations of the Theorem. The invariant factor decomposition of G gives
where N ∈ N * and a 1 , . . . , a N ∈ N * are unique, satisfying a i |a i+1 for i ∈ {1, . . . , N − 1} and a 1 . . . a N = M . Given that the lines of F a together with the element-wise multiplication form a group isomorphic to (Z/aZ) for all a ∈ N * , the lines of F G = (f ij ) 0≤i,j≤M −1 = √ M U G together with the element-wise multiplication form a group isomorphic to G.
Since the group structure was the only argument invoked in the proof of Theorem 3, the same conclusion can be drawn here, by following the same argument:
where
The group G is finitely generated by N elements, so N lines of F G are sufficient to generate all its lines by element-wise multiplication. The condition π(D) = M can thus be checked in time at most M · N .
In particular, for G (Z/M Z), the corresponding interferometer is described by the (normalised) QFT of order M , while for G (Z/2Z) n , we retrieve Theorem 3 and the Hadamard interferometer.
VI. CONCLUSION AND DISCUSSION
We have studied a generalisation of the swap test in the case where many copies of a reference state can be produced, but only a single copy of the tested state is available. We have shown that this test has optimal error probability under the one-sided error requirement. When the number of input states M is a power of 2, we have introduced a simple circuit implementing the swap test of order M .
We have proven that the Hadamard interferometer has the same statistics up to an efficient classical postprocessing of the measurement outcomes, while using only number resolving detectors and balanced beamsplitters, which lowers the cost for an experimental implementation of the swap test of order M . The Hadamard and the QFT interferometers have been studied e.g. in the context of benchmarking Boson Sampling machines [20, 21, 23] , and we have generalised the corresponding class of interferometers by noticing a group structure in the lines of the unitary matrices describing these interferometers. We have interpreted our results in an alternative way, which opens the way for a fruitful application: being able to produce many copies of a state allows to perform a projective measurement with respect to this state, with a precision scaling as the number of copies. We provided a programmable projective measurement device which can be implemented using only linear optics.
This result also gives rise to a natural interpretation of the notion of projective measurement in quantum mechanics, as a comparison between one state and several copies of another state using an interferometer: in the macroscopic limit, when many copies of a reference eigenstate are available, we retrieve a macroscopic classical detector.
The Hadamard interferometer is easily implementable, but this comes at the cost that we are detecting all modes, i.e. that there is no more quantum output compared to the swap circuit of order M . However, for most applications, it is only the classical output statistics of the circuit that matters. Our scheme provides a lower error probability than the swap test in the context where one has access to many copies of only one of the states, e.g. when one of the states is easier to produce. It thus finds application for various quantum information tasks, such as the aforementioned photon indistinguishability benchmarking, but also for enhancing quantum communication protocols, quantum state comparison, and entanglement detection.
For completeness, it could be interesting to characterise the full class of interferometers that are optimal for state comparison under the one-sided error requirement, as we only gave a broad class of such interferometers using a group construction. We conjecture that the Hadamard interferometer will remain the simplest to implement among this class of optimal schemes. It would be also interesting to consider the influence of real experimental conditions, as our scheme assumes that the input states are pure. The one-sided error requirement is also a challenge experimentally, as any interferometer or detector would suffer from the effects of imperfection and noise. We leave these analyses open for future work.
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Following [24] , the symmetric subspace of H ⊗M can be characterised as
and the orthogonal projector onto this space can be written as
where for all σ ∈ S M and all |ψ 0 . . . ψ M −1 ∈ H ⊗M we have P σ |ψ 0 . . . ψ M −1 = |ψ σ(0) . . . ψ σ(M −1) . Given the characterisation of the symmetric subspace, the one-sided error requirement in Eq. (A3) implies that the supports of P S and Π 0 are disjoint. The support of P S is thus included in the support of Π 1 , given that Π 0 + Π 1 = I and this implies in turn that Π 1 ≥ P S by positivity of Π 1 .
The error probability of the identity test under the one-sided error requirement is given by the probability of outputting the result 1 while the states were not all identical: 
where in the third line we used the expression of the orthogonal projector P S onto the symmetric subspace. along with properties of the tensor product of matrices in order to obtain
where Q is a permutation matrix of order M and where in the third line we have used Eq. (D1). Setting P k (n+1) = Q (I 2 ⊗ P k (n)) for k ∈ {0, . . . , n − 1} and P n (n + 1) = I M proves Eq. (D1) for n + 1, since these matrices are permutation matrices of order M . This completes the induction and the proof of the result.
